Limit transitions are constructed between the generators (Casimir operators) of the center of the universal covering algebra for the Lie algebras of the groups of motions of n-dimensional spaces of constant curvature. A method is proposed for obtaining the Casimir operators of a group of motions of an arbitrary n-dimensional space of constant curvature from the known Casimir operators of the group SO(n + 1). The method is illustrated for the example of the groups of motions of four-dimensional spaces of constant curvature, namely, the Galileo, Poincare, Lobachevskii, de Sitter, Carroll, and other spaces.
Introduction
Lie groups and Lie algebras are widely used in many branches of theoretical physics (see, for example, [1] ). Of particular interest for physics are the groups of motions of maximally homogeneous spaces -spaces of constant (in particular, zero) curvature; these have largest dimension n(n+1)/2, where n is the dimension of the space. The groups of Euclid, Galileo, and Poincare are well known, and their physical applications do not require additional commentaries. In [2] - [5] , it is shown that the velocity space of a relativistic particle is the Lobachevskii space with group of motions G(i, 1, 1). Wide use has recently been made in physics [6] - [12] of the de Sitter, anti de Sitter, spherical groups and others.
Limit transitions between fundamental physical theories (classical mechanics is a limiting case of relativistic mechanics) naturally lead to the idea of limit transitions between Lie algebras and Lie groups [13] - [17] . In [18] , limit transitions were constructed between the groups of motions (and their Lie algebras) of n-dimensional spaces of constant curvature (of these there are, as is well known [19] , 3 n in total, and the number of nonisomorphic spaces is, as is shown in [20] , N n = ((3 + √ 5) n+1 − (3 − √ 5) n+1 ( √ 52 n+1 ) −1 ). The limit transitions of [18] enable one, if the generators and structure constants of the algebra AG(j 1 , . . . , j n ) are known, to obtain the generators and structure constants of the other algebraÃG(j 1 , . . . ,j n ). In particular, as the algebra AG(j 1 , . . . , j n ) it is convenient to take the Lie algebra AG(1, . . . , 1) ≡ AG n of the group of motions of an n-dimensional spherical space, which is isomorphic to the Lie algebra of the group SO(n + 1).
In this paper, applying the limit transition to the known [21] generators (Casimir operators) of the center of the universal covering algebra for the Lie group of SO(n + 1), we obtain the generators (Casimir operators) of the center of the universal covering algebra for the Lie algebra AG(j 1 , . . . , j n ) of the group of motions of an arbitrary n-dimensional space of constant curvature. We also find transformations which carry the Casimir operators of the algebra AG(j 1 , . . . , j n ) into the corresponding operators of the algebraÃG(j 1 , . . . ,j n ). We illustrate the obtain formulas by the example of the Lie algebras of the groups of motions of four-dimensional spaces.
Groups of Motions of Spaces of Constant Curvature
It is shown in [20] that an n-dimensional space of constant curvature S(j 1 , . . . , j n ) can be represented locally in the form of a region on the sphere
in a (n + 1)-dimensional flat space S(ι, j 1 , . . . , j n ). The quantities j k take one of three values: 1, ι, i, where ι is a purely dual number [21] , i.e., ι = 0, but ι 2 = 0. The Beltrami coordinates x k in the space S(j 1 , . . . , j n ) are determined by the relation x k = ξ k /ξ 0 , k = 1, 2, . . . , n.
As basis generators of the group G(j 1 , . . . , j n ) of motions of the space S(j 1 , . . . , j n ) we choose the generators F µν , where µ = 0, 1, . . . , n − 1, ν = µ + 1, µ + 2, . . . n. Here, F 0µ is the generator of transport along the ν-th Beltrami coordinate axis, and it is [18] 
is the generator of rotation in the two-dimensional plane {x µ , x ν }. We associate the pair of numbers (µ, ν) with the number λ in accordance with the formula
and then the generator F µν can be denoted by F λ , where λ = 1, 2, . . . n(n + 1)/2. The structure constants of the Lie algebra AG(j 1 , . . . , j n ), which are determined by the relation
The remaining structure constants, apart from those associated with the antisymmetry property with respect to the subscripts described in (5), are zero. As is shown in [18] , the transition from the generators and the structure constants of the group G(j 1 , . . . , j n ) of motions of the unfibered 1 space S(j 1 , . . . , j n ) to the generators and structure constants of the groupG(j 1 , . . . ,j n ) is realized in accordance with the formulas
where the mapping ϕ :
In particular, if we proceed from the group G n of motions of the n-dimensional spherical space isomorphic to SO(n + 1), Eqs. (6)- (8) simplify:
3 Casimir Operators of the Group G(j 1 , . . . , j n )
We obtain the Casimir operators for the group G(j 1 , . . . , j n ) from those of the group G n of motions of the n-dimensional spherical space by means of a limit transition. The Casimir operators of SO(n + 1), which is isomorphic to G n ,, are found in [22] . In the case of even n = 2m, these operators are
where p = 1, 2, . . . , m, and in the case of odd n = 2m + 1 there is added to the operators (12) the operator
where α 1 α 2 ...α n+1 is the completely antisymmetric unit tensor. To make the transition to the Casimir operators C 2p (j 1 , . . . , j n ) and C 1/2 (j 1 , . . . , j n ) of the group G(j 1 , . . . , j n ), we replace the generators F of the group G n in Eqs. (12) and (13) by their expressions in terms of the generators F * of the group G(j 1 , . . . , j n ), namely,
where µ k = min(α k , α k+1 ), and ν k = max(α k , α k+1 ) and
where µ 2p = min(α 2p , α 1 ), and ν 2p = max(α 2p , α 1 ). However, one such substitution is insufficient. Indeed, on the transition to the group of motions of a fiber bundle 2 terms of the form 1/ι appear in the expressions for the Casimir operators, and division by a purely dual number is not defined. Therefore, the Casimir operator C 2p must be multiplied by an expression which depends on j 1 , . . . , j n ,, to make the undefined expressions disappear. Analysis of the arguments of [22] from the point of view of limit transitions shows that this expression is the lowest common denominator of the terms
which occur in C 2p . Similarly, the Casimir operator C 1/2 is multiplied by the lowest common denominator of the terms
which occur in the expression for C 1/2 . Both these lowest common denominators can be readily found. For the Casimir operator C 2p , which is defined as the sum of the principal minors of the antisymmetric matrix formed by the generators F αβ [22] 
Thus, the law of transformation of the Casimir operators on the transition from the group of motions G n of the spherical space to the group of motions G(j 1 , . . . , j n ) has the form
where
means that the generators F are replaced by the generators F * in accordance with (14) and (15) . Using (12) and (13), we write down explicit expressions for the Casimir operators of G(j 1 , . . . , j n ) in terms of the generators of this group:
The expressions (17)- (20) enable us, knowing the Casimir operators of the group of motions G n of the n-dimensional spherical space, to obtain the Casimir operators of the group of motions G(j 1 , . . . , j n ) of an arbitrary n-dimensional space of constant curvature. An example of the application of these expressions will be considered in the fifth section.
Limit Transitions Between Casimir Operators
It is shown in [18] that a one-to-one correspondence can be established between the groups of motions G(j 1 , . . . , j n ) andG(j 1 , . . . ,j n ) of unfibered and equally fibered 3 spaces of constant curvature. The transition from G toG is made in accordance with (6)- (7), and the reverse transition in accordance with
where the mapping ϕ −1 :S(j 1 , . . . ,j n ) → S(j 1 , . . . , j n ), the inverse of (8), is
In addition, we can go over from the group of motions of a (k 1 , k 2 , . . . , k r )-fibered space to the group of motions of a (m 1 , m 2 , . . . , m q )-fibered space if r < q ≤ n and the set of numbers (k 1 , k 2 , . . . , k r ) is contained in the set (m 1 , m 2 , . . . , m q ). This transition is realized by the transformations (6) and (7). The structure of the limit transitions between the Casimir operators is exactly the same. This can be readily seen from the following laws of transformation of the Casimir operators on the transition from G(j 1 , . . . , j n ) toG(j 1 , . . . ,j n )
and the reverse transitions fromG(j 1 , . . . ,j n ) to G(j 1 , . . . , j n ), which are obtained from (24) and (25) by replacing the quantities with a tilde by ones without and vice versa. The proofs are analogous to the proof of the corresponding theorems in [18] .
Of particular interest for physics are the groups of motions of four-dimensional spaces with constant curvature; in particular, they can serve as models of space-time. If we require of these models space to be isotropic or, equivalently, require the group G(j 1 , . . . , j 4 ) to contain SO(3) as a subgroup, we must set j 3 = j 4 = 1. We shall denote the remaining nine groups for brevity by G (j 1 , j 2 ). Then G (1, 1) , which is isomorphic to SO (5), is the group of motions of the fourdimensional spherical space; G(ι, 1) is the group of motions of four-dimensional Euclidean space; G(i, 1) is the group of motions of four-dimensional Lobachevskii space, G(j 1 , ι) are the groups of motions of fibered worlds [24] , i.e., space-times with absolute time. Among these, (ι 1 , ι) is the Galileo group, the group of motions of (flat) space-time of classical physics, and G (1, ι) and G(i, ι) are the semispherical and semi-Lobachevskii groups, 4 i.e., the groups of motions of nonrelativistic space-times with positive and negative curvature, respectively. Further, G(ι, i) is the Poincare group, the group of motions of the space-time of the special theory of relativity. The de Sitter group G(i, i) and the anti de Sitter group G(1, i) are the groups of motions of space-times with bounded velocity of transmission of causal influences and nonvanishing constant curvature, which is negative and positive, respectively.
As is well known [22] , the group SO(5) has the two independent Casimir operators C 2 and C 4 . These operators can be readily found for the group G(1, 1) isomorphic to it. We introduce new notation for the generators:
, which is in accordance with their physical meaning. Namely, H is the generator of time displacement, P k are the generators of spatial displacements, K k are the generators of rotations in space-time planes (Galileo and Poincare transformations), and J k are the generators of spatial rotations. From formula (12) we find
The generators F * of the group G(j 1 , j 2 ) are associated with the generators F of the group G(1, 1) by the relations (9), i.e., in our case H * = j 1 H, P * = j 1 j 2 P, K * = j 2 K, J * = J. Replacing the generators H, P, . . . in (26) and (27) by their expressions in terms of H * , P * , . . . and multiplying in accordance with (17) and (26) , we obtain the Casimir operators of the group G(j 1 , j 2 ) :
For j 1 = j 2 = i,, we obtain the Casimir operators of the de Sitter group (cf. [30] , p. 107). Setting j 1 = ι, j 2 = i, we obtain the Casimir operators of the Poincare group (cf. [31] , Ch.2, §3; [32] , §2.2). For j 1 = 1, j 2 = ι, Eqs. (28) and (29) give the Casimir operators of the semispherical and semi-Lobachevskii groups (cf. [26] ). For j 1 = ι 1 , j 2 = ι, we have the Casimir operators of the Galileo group (cf. [33] ). For the group G(j 1 , . . . , j 4 ), formula (9) gives the following relation between the generators:
, and the Casimir operators of this group are C 2 (j 1 , . . . , j 4 ) = j 2 + P * 2
In [25] - [28] , these groups are called Hooke groups. We adhere to the terminology of the earlier papers [20] , [29] 
Substituting in (30) and (31) all possible combinations of the numbers j 1 , j 2 , j 3 , j 4 , we find the Casimir operators of the groups of motions of all four-dimensional spaces of constant curvature. In [34] there is a description of the kinematic group (the Carroll group), which in [35] is referred to along with the semi-Lobachevskii and semispherical groups as the "most interesting of the heretical kinematic groups." This group is the group of motions of space-time with absolute space, in constrast to the Galileo group, in which the time is absolute. In our notation, the Carroll group is the group G (ι 1 , 1, 1, ι) with a somewhat different interpretation of the generators, namely, H = F 04 , P k = F 0k , K 1 = F 14 , K 2 = F 24 , K 3 = F 34 , J 1 = F 23 , J 2 = −F 13 , J 3 = F 12 . Redenoting the generators (30) and (31) accordingly and substituting j 1 = ι 1 , j 2 = j 3 = 1, j 4 = ι, we obtain the Casimir operators of the Carroll group:
which agrees with the Casimir operators given in [34] .
Conclusions
In the present paper, we have constructed limit transitions between the Casimir operators of the groups of motions of spaces of constant curvature. The structure of these limit transitions agrees with the structure of the limit transitions between the groups of motions of spaces of constant curvature investigated in [18] . The proposed limit transitions make it possible to obtain the Casimir operators of the group of motions of an arbitrary n-dimensional space with constant curvature from the Casimir operators of the group of motions'of n-dimensional spherical space, which is isomorphic to SO(n+1). However, this method is not unique. One can start from the group of motions of any n-dimensional unfibered space of constant curvature. We have illustrated the method by the example of the groups of motions of four-dimensional spaces with constant curvature.
